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Abstract-In this paper, the two-dimensional steady-state temperature distribution within the ground 
beneath a partially insulated slab-on-grade floor is presented. The solution of the governing heat conduction 
equation is derived using a semi-analytical technique based on a Fourier series and the Jordan-Gauss 
elimination method. A water table at constant temperature is assumed to exist at an arbitrary depth below 
the soil surface.. The heat flux distribution along the floor surface as well as the total heat loss from the 

slab is analyzed. Some guidelines on horizontal edge insulation of slabs are given. 

1. INTRODUCTION 

A CONSIDERABLE number of models treating the prob- 
lem of heat losses from slab-on-grade floors has been 
developed, primarily during the last decade. These 
models range from detailed simulation programs to 
simple design methods. Sterling and Meixel [l] and 
Claridge [2] have produced an exhaustive survey of 
the models used for the calculation of heat losses in 
common ground-coupled structures. 

However, very few authors addressed the problem 
of calculating heat losses from partially insulated slab- 
on-grade floors. In fact, most of the work existing to 
date deals with uninsulated and to a lesser extent 
uniformly insulated slabs, although perimeter insu- 
lation is a common construction practice. Mitalas [3, 
41 developed a finite element program that determines 
heat loss from a variety of basement and slab-on- 
grade insulation configurations, including horizontal 
edge insulation. However, the Mitalas method is 
restricted to certain insulation values and to particular 
geometric dimensions. Recently, Landman and 
Delsante [5] have used Fourier series solutions to pro- 
vide detailed analytical insight regarding the effect of 
horizontal edge insulation on total heat losses from 
slabs. Their model did not allow for the existence of 
a water table beneath the slab. 

In this paper, the steady-state temperature field dis- 
tribution within the ground underneath a slab having 
partial insulation is analyzed. A water table is con- 
sidered at a finite depth from the soil surface. The 
velocity of the water flow is assumed sufficiently high 
so as to keep a constant water temperature. To solve 
this problem, the procedure introduced in refs. [6- 
10] is employed. This procedure is called interzone 
temperature profile estimation (ITPE) and combines 
numerical and analytical techniques to arrive at the 
functional form of the heat conduction solution and 
allows the understanding of heat flux mechanisms 
within and at the boundaries of a conducting medium 
(i.e. ground). 

First, the two-dimensional steady-state heat con- 
duction solution beneath a partially slab-on-grade 
floor is derived. Then, the temperature distribution 
inside the ground is presented for various con- 
figurations. The effect of the horizontal edge insu- 
lation on the heat flux along the slab is discussed. The 
effectiveness of partial insulation to reduce total heat 
losses from the slab is also discussed. 

2. PARTIALLY INSULATED SLAB-ON-GRADE 

FLOOR MODEL 

Even when a slab floor is not insulated, a thermal 
resistance exists between room air and the slab 
surface. To account for this resistance, an interface 
conductance hi is usually introduced and a boundary 
condition of the third kind is used. This boundary 
condition expresses the continuity of the heat flux 
between the lower slab surface and the interior air 
(at Ti) via (1) the convective conductance h, to the 
ambient air above the slab, (2) the insulation con- 
ductance Ui, (3) the slab material conductance U,, and 
(4) the interface contact conductance (slab-to-earth) 
hi. Therefore, the boundary condition at the slab sur- 
face can be written as 

-j$ 
aY y=ll 

= h[T(x, 0) - Ti] (1) 

where k, is the thermal conductivity of the soil 
(assumed isotropic), Ti the air temperature above the 
slab (i.e. the building interior temperature), and h 

the equivalent air-insulation-slabsoil conductance, 
given by 

h = (h,‘+U;‘+U,‘+h;‘)-‘. (2) 

Note that in this paper, the insulation conductance Vi 
is not necessarily uniform along the slab-on-grade 
floor. 

Figure 1 shows the vertical cross-section of a house 
with slab-on-grade floor partially insulated. Note that 
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NOMENCLATURE 

half width of ground-coupled 
building [m] 
water table depth [m] 
general term in a Fourier series 
expansion 
basement depth [m] 
functions of one of the space 
coordinates [K] 
Fourier coefficients 
ratio, h/ks [mm ‘1 

dimensionless temperature 
building air temperature [K] 
soil surface temperature [K] 
water table temperature [K] 
envelope material conductance 
[Wm-*K-‘1 
insulation layer conductance 
[Wm-*K-l] 
space coordinates [ml. 

overall heat transfer conductance 
[Wm-*K-I] 

Greek symbols 

inside surface convective heat transfer 6 A Y coefficients defined in equations (17) 

coefficient [W m- * K- ‘1 
and (27) 

outside surface convective heat 
c(‘, /3’, y’ coefficients defined in equation (29) 

transfer coefficient [w mm * K- ‘1 
[,, xn, v,, pn eigenvalues [m- ‘1. 

soil thermal conductivity 
[Wm-‘K-‘1 
distance from building center to a 
boundary where soil temperature is 
undisturbed [m] 
temperature [K] 

Subscripts 
e edge of the slab 

? 
middle of the slab 
zone (I) 

II zone (II). 

HM T’ H . Ts 

1 

Tw : b 

(a) 

H(x) 
A 

-a -c 0 C .X 
a 

(b) 

FIG. 1. (a) Slab-on-grade floor with non-uniform horizontal insulation ; (b) ratio, H = h/k,, distribution 
showing reduced conductance beyond slab edges (x = c) Insulation length is (c-a). 
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a typical slab-on-grade floor foundation includes ver- 
tical foundation walls and footings in addition to the 
horizontal slab and thermal insulation layer. 
However, in most cases, the thermal conductivity of 
the ground is similar to that of the foundation walls 
and footings (usually made of concrete). Therefore, 
thermally these elements of the floor foundation can 
be considered as integral parts of the ground medium, 
and the model of Fig. 1 can be applied. 

The steady-state temperature distribution T(x, y) 
inside the ground for a partially insulated slab-on- 
grade floor configuration as shown in Fig. 1, can be 
determined by solving the following equation : 

with 
AT=0 

T= T, fory=b 

(3) 

T=T, fory=Oand]x]>a 

ar 
- = H(x)(T- Ti) 
ay 

for y = 0 and 1x1 < a 

where H(x) is the ratio of the equivalent air-insu- 
lation-slabsoil conductance to the soil thermal con- 
ductivity (i.e. H(x) = h(x)/k,). In this paper, H(x) is 
defined by 

H(x) = ZYZ, if 1x1 < c 

H(x) = Ef, if c < 1x1 < a. 

In Fig. l(b), the variation of the function H(x) is 
shown. Note that c measures how far the insulation 
is placed from the slab center and that u-c is the 
width of this edge insulation. 

Figure 1 (a) shows that the surfaces, x = -a and a, 
divide the ground medium into three zones. Because 
of the symmetry around the axis x = 0 the tem- 
perature T(x, y) will be determined only in zones (I) 
and (II). Let f(y) be the temperature profile along 
the surface x = u ; then the solution of equation (1) 
in zone (I) is 

~,(~,y) = i $ F{[T,-(-I)~T~] 
n-l ” 

x [l-e- v,(x-0)] +vnfn e-“J*-@} (4) 

while in zone (II), the temperature T,,(x, y) is given 

bY 

T&Y) =i E Lsinv.y~ 
“-1 n 

where 

V, =y; fn =[f(y)sinv.ydy; 

~ 
” 

_ m- lb 
-2a 

HMT 32/5-L 

and C,,, like fn, are Fourier coefficients to be deter- 
mined. 

The continuity of the heat flux at the surface x = a, 
gives the condition 

aT, a7-1, 

-I I ax X-a = XC X-a 

or 

sinv.y{v,.L-[T,-(-l)“TJ} 

v, tanh v,,uf I sin v, y 

Multiplying the above equality by sinv,y 
(p = 1, 2,. . .), and integrating the resultant equation 
over [0, b] yields 

- vPfP + [T, - ( - l)p T,J = vp tanh vpufp 

+(-l)ptanhvpuTW-~ f (-1)‘~Z.s. 
n= I P 

After rearrangement, this expression can be put in the 
form 

(7) 

where 

ap = v (l+tLnhv a) {tT#-(-l)PTw] 
P P 

-(-l)Ptanhv,aT,} (8) 

and 

B 
2( - l)nVm 

n,p = - u(1+tanhv,u)(~~++~)’ (9) 

From the third-kind boundary condition of equa- 
tion (3) at y = 0, coefficients C, are subject to 

aT,, - 
ay y=. = H(x)(Tl, - Ti) 

or, using expression (5) 

Multiplying this equation by cos ~9 and integrating 
over the interval [ -a, a] gives after some arrangement 

CP (11) 
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with 

Lx; = (H, - H,) sin tic - ( - 1 )P% Ti 

~p,(f& + up coth &J) 
(-1Y T I 

sinhppb w 

2 c - l)+?J.u. /yp = _ \ ’ ‘.. y 

b (r$ + v,‘) We + up coth Q4 

and 

2 
Yb, = - 

(He -HA 

= (He + K coth ppb) 

Note that the case of a uniformly insulated slab is 
obtained when H,,, = He. Coefficients c$ and y;,, are 
then reduced to zero and coefficients Cp’s are solely a 
function of fr. Reference [7] treats this particular 
case in detail. In the general case (i.e. H,,, # He), the 
system of equations (7) and (11) can be solved for the 
fp’s and C,,‘s numerically as follows : the sum in both 
equations (7) and (11) is first truncated to a finite 
number of terms, N. By varying the value of p from 
1 to N in equations (7) and (1 l), a linear system of 
2N equations with 2N unknowns (the coefficients fp 
and C,, p=l, 2 ,..., N) is obtained. This system 
can be solved using the Gauss-Jordan elimination 
method. Once coefficients f, and C, are found, they 
are substituted in equations (5) and (6) (in which the 
sums are also truncated to N terms) to obtain the 
temperature distributions Z’,(x, v) and Z’,,(x, y), 
respectively. For the slab configurations considered in 
this paper, it was found that N = 50 gives accurate 
estimations. Addition of other terms does not alter 
the results for T, and T,, significantly (less than a 0.01 
K variation in soil temperature, for the cases treated 
in this paper). 

3. SOIL TEMPERATURE DISTRIBUTION 

Figure 2 shows the temperature distribution within 
soil when a slab of width 2a = 10 m is present. The 
temperature of air above the slab is q = 21°C while 
the soil surface temperature is T, = 16°C. A water 
table at a depth b = 5 m below the surface has a 
constant temperature T, = 11°C. Six different in- 
sulation configurations are considered in Fig. 2. 

(a) Uniformly perfectly conducting slab (H,,, = 
He = co), Fig. 2(a). 

(b) Uninsulated slab with a horizontal edge in- 
sulation extending 1 m and having zero thermal con- 
ductivity (H, = co, He = 0, and c = 4 m), Fig. 2(b). 

(c) Nominally uniformly insulated slab (H,,, = 
H, = 1.0 m- ‘), Fig. 2(c). 

(d) Uniformly well-insulated slab (H,,, = He = 
0.2 m- ‘), Fig. 2(d). 

(e) Partially insulated slab with edge insulation 
(H,,,= l.Om~‘,H,=0.2m-‘,andc=4m),Fig.2(e). 

(f) Partially insulated slab with well-insulated 
center (H,,, = 0.2 m- ‘, He = 1.0 rn- ‘, and c = 4 m), 
Fig. 2(f). 

In the case of an uninsulated slab (Fig. 2(a)), the 
edge is a singularity point, that is the temperature 
at this point takes all the values from T = 21°C to 
T, = 16°C. Therefore, the heat flux at the edge of an 
uninsulated slab is very important (mathematically, it 
is infinity). To reduce heat losses from slabs, it is then 
preferable to use edge insulation. Figure 2(b) shows 
some isotherms underneath an uninsulated slab with 
a perfect horizontal edge insulation (an idealized in- 
sulation material with zero thermal conductivity) 
extending (a-c) = 2 m from the slab edge. The singu- 
larity point is removed from the edge and the tem- 
perature along the insulated area (region of slab sur- 
face between x = 3 and 5 m) decreases from T, = 21°C 
to 7’, = 16°C. It is interesting to note by comparing 
Figs. 2(a) and (b) that when an edge insulation is 
added, the isotherm T = 20°C moves closer to the slab 
surface (especially near x = 4 m). This implies that 
heat losses increase in the central zone of the slab, as 
insulation is added to its perimeter. 

In reality and even in uninsulated slabs, the con- 
ductance coefficient H is a finite number. For a 0.10 
m (4 in.) concrete slab, H = 4 m-’ if soil thermal 
conductivity is k, = 1 W mm2 K-‘. When an insu- 
lation of R-4.3 (R = 0.75 m2 K W-‘) is uniformly 
added to the slab surface, H becomes 1 m-‘. With an 
insulation of R-27 (R = 4.75 m* K W-l), H is 
0.2 m-‘. Figures 2(c) and (d) show representative 
isotherms for uniformly insulated slabs with H,,, = 
He = 1 and 0.2 m-‘, respectively. In the case of Fig. 
2(c) the temperature along the slab decreases from 
T = 20.5”C at the center to T, = 16°C at the edge. 
Heat flux is still important around the perimeter of 
the slab, since a temperature change of 2.5 K occurs 
between x = 4 and 5 m. Figure 2(d) is the very 
particular case when the slab surface temperature 
becomes uniform and equal to the adjacent soil sur- 
face temperature T, = 16°C. In this case heat flow is 
unidimensional. More discussion of this case and a 
uniformly insulated slab can be found in ref. [7]. 

Figures 2(e) and (f) represent the isotherms in soil 
when insulation is not uniform. The common case 
where insulation is added to the slab perimeter is 
shown in Fig. 2(e). The isotherm patterns in this con- 
figuration are very similar to those encountered in the 
ideal case of Fig. 2(b). However, the temperature at 
the slab surface is a little lower and varies from 20°C 
at the center to 17°C at the edge. An unusual case, 
where insulation is placed at the middle of the slab so 
that H, is larger than He, is presented in Fig. 2(f). 
Besides the noticeable change in the temperature dis- 
tribution within the soil, the slab surface temperature 
now increases from about 17.2”C at the center to 
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FIG. 2. Earth temperature isotherms beneath a slab-on-grade floor with water table depth b = 5 m: (a) 
H, = He = 03 ; (b) H, = 00, He = 0 m-‘, c = 4 m; (c) H, = H, = 1 m- ’ ; (d) H,,, = He = 0.2 m-' ; (e) 

H,,, = 1.0 m-l, He = 0.2 m-‘, c = 4 m ; (f) H,,, = 0.2 m-‘, He = 1.0 m-‘, c = 4 m. 
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FIG. 2-Continued. 
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185°C at x = 4.5 m and decreases to 16°C at the edge 
(i.e. x = 5 m). 

4. HEAT FLUX DISTRIBUTION 

The steady-state heat flux distribution q(x), along 
the slab surface is determined from the third-kind 
boundary condition of equation (3) 

q(x) = k$- 
ay y=. 

= ksH(x)V,, - Ti) (12) 

or after some rearrangement 

q(x) = - ; k,H(x) f 
(- 1)” 

#I= I 
C,, + 7 

(13) 

Figure 3 shows the heat flux distribution along a 
slab of width 2a = 10 m. The temperature above the 
slab is Ti = 21°C. The soil surface temperature is at 
T, = 16°C while a water table at a depth of about 
b = 5 m exists and is at the temperature T, = 11°C. 
Two insulation configurations are presented in Fig. 
3. In the first cotiguration H,,, = H, = 1 m- ’ (case 
without edge insulation) and in the second, H,,, = 1 
m - ’ and H, = 0.2 m- ’ (case with edge insulation). 
Figure 3 indicates clearly that by adding perimeter 
insulation, heat losses are reduced from the slabedge 
as expected. However, there is a slightly greater heat 
loss from the slab center especially from the portion 
of the slab located between x = 3 and 4 m. This 
phenomenon occurs because the added edge insu- 
lation increases the temperature in the slab surface 
near x = 4 m so that more heat is lost from this area. 
Note that the overall effect of the perimeter insulation 
is a net reduction of the total heat losses from the slab 
surface as will be discussed in the next section. 

10 

5. TOTAL HEAT LOSSES FROM SLAB 

SURFACE 

The total heat losses Q from the slab floor is cal- 
culated by integrating the heat flux function q(x), over 
the interval [-a, a] 

Q= ‘oq(X)dX=2 
s 

(14) 

or, after integration and simplification 

(-1)” )L c .o”T, . n 
k(n mu, 1 (15) 

Figures 4 and 5 show the total heat losses Q as a 
function of the insulation location c, for Z!Z, = 4 m- ’ 
(poorly insulated) and H,,, = 1 m-’ (moderately 
insulated). In each figure, various edge insulation 
values are considered (He = H,,,; He = 0.8, He = 0.6, 
He = 0.4, He = 0.2, He = 0). Both figures indicate that 
the increase in edge insulation (either through increas- 
ing the H, value or by decreasing the value of c) 
reduces the total heat losses from the slab floor. Note 
that the added insulation is subject to the law of dimin- 
ishing returns. For example and in the poorly insu- 
lated case with c = 2 m, a decrease of He from 0.8 to 
0.6 m-’ reduces heat losses by 2 W me2 or 4.3%. 
However, a same decrease of H, from 0.4 to 0.2 m-’ 
implies a reduction of heat losses by 3 W mm2 or 16%. 

In particular for a poorly insulated slab (Fig. 4), 
most of the reduction in heat losses is achieved for an 
edge insulation width of 0.5 m (i.e. c = 4.5 m). In fact, 

Distanoe from slab center. m 

FIG. 3. Effect of edge insulation on local heat flux distribution along an insulated slab-on-grade floor with 
Y& = 21”C, T, = 16”C, T, = ll”C, c = 4 m. 
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Edge insulation location, m 

FIG. 4. Effect of edge insulation and its width on the total heat losses from a poorly insulated slab 
(H, = 4 m-l). 

Inaulation location. m 

FIG. 5. Effect of edge insulation and its width on the total heat losses from a well insulated slab 
(H, = 1 m-l). 

beyond this value, the heat loss curves are fairly flat 
for non-perfect edge insulation (i.e. H, # 0). 

6. CONCLUSIONS 

The steady-state temperature distribution beneath 
both a totally and partially insulated slab-on-grade 
floor is determined using a semi-analytical procedure. 
The dependence of heat transfer from the slab surface 
upon the edge insulation width and resistance is 
analyzed in particular. It is shown in particular that 
the edge insulation follows the law of diminishing 
returns and that most heat loss reduction is provided 

by the first 0.5 m of the insulation. Finally, it is import- 
ant to mention that two variables (thermally almost 
equivalent) are to be considered in designing slab edge 
insulation : insulation width and U-value. Economics 
should determine whether to use wider or more resist- 
ant insulations around the perimeter of the slab-on- 
grade floor. 
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TRANSFERT DE CHALEUR PERMANENT SOUS UNE DALLE PARTIELLEMENT 
ISOLEE 

R&&-On presente la distribution bidimensionnelle et stationnaire de temperature dans le sol sous une 
dalle partiellement isol& La solution de l’equation de conduction thermique est obtenue par une technique 
semi-analytique bade sur les series de Fourier et la methode d’elimination de Jordan-Gauss. Une nappe 
d’eau a temperature constante est situ&e a une profondeur arbitraire sous la surface du sol. On analyse la 
distribution du flux de chaleur sur la surface de la dalle ainsi que la perte de chaleur totale. On donne les 

lignes directrices sur l’isolation de la face horizontale des dalles. 

STATIONARER WARMEDURCHGANG UNTERHALB EINES TEILWEISE ISOLIERTEN 
FUSSBODENS 

Zusammeufassuq-In dieser Arbeit wird die zweidimensionale Temperaturverteihmg in der Erde unterhalb 
eines teilweise isolierten FuDbodens fiir den station&n Zustand dargestellt. Die W&meleitungsgleichung 
wurde mit einem halb-analytischen Verfahren gel&t, welches auf Fourier-Reihen und dem Gauss-Jordan- 
Eliminationsverfahren aufbaut. In einer beliebigen Tiefe wurde Grundwasser mit konstanter Temperatur 
angenommen. Die Wlrmeverluste und deren Verteilung entlang der Fugbodenflache wurden bestimmt. 

Empfehlungen fur die WHrmediimmung an den FuDboden-Eckpunkten werden ausgesprochen. 

CTAHHOHAPHbIH TEHJIOHEPEHOC ITOA rIACTHrIH0 H3OJIHPOBAHHbIM 
HACTHJIOM W3 HJIHT, PACHOJIOXEHHOM HA YPOBHE 3EMJIW 

~Hpencraaneuo n~ybfepiioe cramrouaprtoe pacnpenenemie TeMneparypsr B rpywre non sac- 
TH'UiO H30JIHpOBaHHbIM ~ac~8.no~ ii3 nm~,pacnonoxe~~o~ Ha ypoeae 3erwm. Pemerfae ypamterma 
rennonpoaonmxni nonygeuo c n0~0mbm nony3r+nnip~ecxoro rtonxona, OCHOBBHHO~O na pasnoxemm 
B pnn Qypbe H MeTone mx.m~eMIp XCopnaua-Faycca. Hpemronarancn, wo ua ottpene~~eu~oil 
ry6mre ~rpyHTe~~onaTcaBoL[s~3cp~onp~n~OlnorOi~~~~~~HpyloTcapacnpe- 

nene~eTennosoronoToranonosep~~aacrana,aTarxe~p~eno~~Tennanrurrol.~~ 


